Algebraization for zero-cycles and the $p$-adic cycle class map by Lüders, Morten
ar
X
iv
:1
70
9.
05
62
2v
2 
 [m
ath
.A
G]
  8
 M
ay
 20
18
ALGEBRAIZATION FOR ZERO-CYCLES AND THE p-ADIC CYCLE
CLASS MAP
MORTEN LÜDERS
Abstract. Using an idelic argument and assuming the Gersten conjecture for Milnor K-
theory, we show that the restriction map from the Chow group of one-cycles on a smooth
projective scheme over a henselian local ring to a pro-system of thickened zero-cycles is
surjective. We relate this restriction map to the p-adic cycle class map.
1. Introduction
Let A be an excellent henselian discrete valuation ring with uniformising parameter π and
residue field k. Let X be a smooth projective scheme over Spec(A) of relative dimension
d. Let Xn := X ×A A/(π
n), i.e. X1 is the special fiber and the Xn are the respective
thickenings of X1.
For n invertible in k and Λ = Z/nZ the following commutative diagram has been studied
extensively:
(1.1) CH1(X)/n
ρ //
clX

CH0(X1)/n
clXs

H2dét (X,Λ(d))
∼ // H2dét (X1,Λ(d))
The lower horizontal map is an isomorphism by proper base change. The map clXs is
an isomorphism assuming that k is finite or separably closed by unramified class field
theory (see [6, Thm. 5, Rem. 3] and [20]). In [32], Saito and Sato show that clX is an
isomorphism if k is finite or separably closed which implies that ρ is an isomorphism under
these conditions. That ρ is in fact an isomorphism for arbitrary perfect residue fields is
shown in [25] without using étale realizations by making use of a method introduced by
Bloch in [7, App.]. In [27] these results are generalized to zero-cycles with coefficients in
Milnor K-theory.
Let KMX,d be the improved Milnor K-sheaf defined in [23] and K
M
d,Xn
its restriction to Xn.
In this article we study the restriction map
resXn : CH
d+j(X, j)
∼= // Hd(X,KMd+j,X)
resXn // Hd(X1,K
M
d+j,Xn
).
If j = 0, we assume the Gersten conjecture for the Milnor K-sheaf KMn,X (see Definition
3.1) for the isomorphism on the left. By [22] and [23] it holds if X is equi-characteristic. If
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j > 0, we additionally assume the Gersten conjecture for the sheaf CHr(−q) associated to
the presheaf U 7→ CHr(U,−q) for the isomorphism on the left (see [27]). This holds with
finite coefficients or again if X is equi-characteristic (see e.g. [27]). For our applications
we will need the following additional result which is well-known to the expert and easily
follows from what is known about the Gersten conjecture for Quillen K-theory with finite
coefficients (see Section 3):
Proposition 1.1. Let ch(k) = p > (n − 1). Then the Gersten conjecture holds for the
sheaf KMn,X/p
r for all r ≥ 1.
The main theorem of this article is the following:
Theorem 1.2. The restriction map res : Hd(X,KMd+j,X) −→ H
d(X1,K
M
d+j,Xn
) is surjective.
In particular the map of pro-systems
res : Hd(X,KMd+j,X)→ ”limn”H
d(X1,K
M
d+j,Xn)
is an epimorphism in the category of pro-abelian groups pro-Ab for all j ≥ 0. Here we
consider Hd(X,KMd+j,X) as a constant pro-system.
Theorem 1.2 is a partial response to a conjecture by Kerz, Esnault and Wittenberg saying
that assuming the Gersten conjecture for the Milnor K-sheaf KMn,X the restriction map
res : CHd(X) ⊗ Z/prZ → ”limn”H
d(X1,K
M
d,Xn
/pr) is an isomorphism if ch(Quot(A)) = 0
and if k is perfect of characteristic p > 0 (see [25, Sec. 10]).
Let again ch(Quot(A)) = 0 and k be perfect of characteristic p > 0. In the final
section of this article we relate the restriction map res to the p-adic cycle class map
̺d+j,jpr : CH
d+j(X, j)/pr → H2d+jét (X, Tr(j)). The Tr(n) are the complexes defined in [35]
and called p-adic étale Tate twists. Tr(n) is an object in the derived category D
b(X,Z/prZ)
of bounded complexes of étale Z/prZ-sheaves on X. Tr(n) is expected to agree with
Z(n)ét⊗L Z/prZ, where Z(n)ét denotes the conjectural étale motivic complex of Beilinson-
Lichtenbaum (see [33, Sec. 1.3]). If p > n+1, then i∗Tr(n) ∼= Sr(n), where i is the inclusion
X1 → X and Sr(n) is the syntomic complex defined in [19] (see [35, Sec. 1.4]). In [33],
Saito and Sato show the following result on the p-adic cycle class map:
Theorem 1.3. ([33, Thm. 1.3.1]) Let X be a regular scheme which is proper flat of finite
type over the ring of integers A of a p-adic local field K. Assume that X has good or
semistable reduction over A and let d be the fiber dimension of X over A. Then the cycle
class map
̺d,0pr : CH
d(X)/pr → H2de´t (X, Tr(d))
is surjective.
We will show the following proposition:
Proposition 1.4. Let W (k) be the Witt ring of a finite field k of characteristic p and
p > d. Let X be smooth and projective over W (k). Then for all j ≥ d the map
”limn”H
d(X1,K
M
j,Xn
/pr)→ Hd+je´t (X1,Sr(j))
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is an isomorphism of pro-abelian groups. Here we consider Hd+je´t (X1,Sr(j)) as a constant
pro-system.
In sum we establish, making use of the above result on the Gersten conjecture, the
following commutative diagram analogous to diagram (1.1) for X smooth over A = W (k)
for a finite field k of characteristic p, j ≥ 0 and p > d+ j + 1:
(1.2) CHd+j(X, j)/pr
res // //
̺
d+j,j
pr 
”limn”H
d(X1,K
M
d+j,Xn
/pr)
∼

H2d+jét (X, Tr(d+ j))
∼ // H2d+jét (X1,Sr(d+ j))
Notation. Unless otherwise specified, all cohomology groups are taken over the Zariski
topology.
Acknowledgement. I would like to heartily thank my supervisor Moritz Kerz for fruitful
discussions leading to the results of this article.
2. Parshin chains
Let X be an excellent scheme.
Definition 2.1. (1) A chain on X is a sequence of points P = (p0, ..., ps) on X such
that
{p0} ⊂ {p1} ⊂ ... ⊂ {ps}.
(2) A Parshin chain on X is a chain P = (p0, ..., ps) such that dim{pi} = i for all
0 ≤ i ≤ s.
(3) A Q-chain on X is a chain Q = (p0, ..., ps−2, ps) such that dim{pi} = i for i ∈
{0, 1, ..., s − 2, s}. We denote by B(Q) the set of all x ∈ X such that Q(x) =
(p0, ..., ps−2, x, ps) is a Parshin chain.
(4) Let Z be a closed subscheme of X and U = X−Z. A Parshin chain (resp. Q-chain)
on (X,Z) is a Parshin chain P = (p0, ..., ps) (resp. Q-chain Q = (p0, ..., ps−2, ps))
such that pi ∈ Z for i ≤ s− 1 and ps ∈ U (resp. pi ∈ Z for i ≤ s− 2 and ps ∈ U).
A Parshin chain (resp. Q-chain) on (X,X) is a Parshin chain in the sense of (2)
(resp. Q-chain in the sense of (3)).
(5) We say that a Parshin chain P = (p0, ..., ps) on X is supported on a closed sub-
scheme Z of X if pi ∈ Z for all 0 ≤ i ≤ s.
(6) The dimension d(P ) of a chain P = (p0, ..., ps) is defined to be dim{ps}.
Definition 2.2. Let P = (p0, ..., ps) be a chain on X.
(1) We define OX,P = OX,ps and k(P ) = k(ps).
(2) We define the finite product of henselian local rings OhX,P inductively as follows: If
s = 0, then OhX,P = O
h
X,p0
. If s > 0, then assume that the ring OhX,P ′ over OX,p0
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has already been defined for P ′ = (p0, ..., ps−1). Denote O
h
X,P ′ by R. Let T be the
finite set of prime ideals of OhX,P ′ lying over ps and
OhX,P =
∏
p∈T
Rhp .
Let kh(P ) denote the finite product of residue fields of OhX,P .
We note that T in Definition 2.2(2) is finite by [13, Thm. 18.6.9 (ii)] since X is excellent
and therefore in particular noetherian. For a Parshin chain P on X we denote SpecOX,P
by XP and SpecO
h
X,P by X
h
P . For more details on Parshin chains see [21, Sec. 1.6].
We will need the following facts (see e.g. [14, Ch. IV.]): Let X be a locally noetherian
scheme, F be a sheaf of abelian groups on X and τ ∈ {Zar,Nis}. Then there are coniveau
spectral sequences
Ep,q1 =
⊕
x∈X(p)
Hp+qx (Xτ ,F)⇒ H
p+q(Xτ ,F)
and isomorphisms
Hqx(XZar,F)
∼= Hqx(OX,x,F) and H
q
x(XNis,F)
∼= Hqx(O
h
X,x,F)
for every x ∈ X and q ≥ 0. From the coniveau spectral sequence we get complexes
...→
⊕
x∈X(p−1)
Hp+q−1x (Xτ ,F)→
⊕
x∈X(p)
Hp+qx (Xτ ,F)→
⊕
x∈X(p+1)
Hp+q+1x (Xτ ,F)→ ..
We denote a morphism Hp+qy (Xτ ,F)→ H
p+q+1
x (Xτ ,F) arising this way by ∂yx. We explain
this notation as follows: If F = KMn,X, y ∈ X
(p+q), x ∈ X(p+q+1), and if the Gesten conjecture
holds for KMn,X (see Section 3.2), then the diagram
Hp+qy (Xτ ,K
M
n,X)
∼=

// Hp+q+1x (Xτ ,K
M
n,X)
∼=

KMn−p−q(k(y)) // K
M
n−p−q−1(k(x))
commutes, where the lower horizontal map is the tame symbol defined by passing to the
normalisation and using the norm map for Milnor K-theory (see f.e. [10, 8.1.1]).
Finally recall that the cohomological dimension of XZar and XNis is at most equal to
dim(X).
3. The Gersten conjecture for Milnor K-theory mod p
Let X be an excellent scheme and let KMn,X be the improved Milnor K-sheaf defined in
[23].
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Definition 3.1. We say that the Gersten conjecture holds for the (Milnor K-)sheaf KMn,X
if the sequence of sheaves
0→ KMn,X →
⊕
x∈X(0)
ix,∗K
M
n (k(x))→
⊕
x∈X(1)
ix,∗K
M
n−1(k(x))→ ...
is exact.
This conjecture is known to hold for KMn,X if all local rings of X are regular and equi-
characteristic (see [22] and [23, Prop. 10(8)]). If X is smooth over a henselian local discrete
valuation ring of mixed characteristic (0, p), then the Gersten conjecture is not known to
hold for the sheaf KMn,X . However, if p > n − 1, then we have the following much weaker
result which we will use in Section 6.
Proposition 3.2. Let A be a discrete valuation ring with uniformising parameter π and
residue field k of characteristic p > 0. Let B be a local ring, essentially smooth over A
with field of fractions F and let p > (n− 1). Then the sequence
0→ KMn (B)/p
r in−→ KMn (F )/p
r →
⊕
x∈X(1)
KMn−1(x)/p
r → ...
is exact for all r ≥ 1.
Proof. First note that the Gersten conjecture for Quillen K-theory with finite coefficients
holds for B by [9, Thm. 8.2].
We consider the following commutative diagram:
KMn (B)/p
r in //

KMn (F )/p
r

//

⊕
x∈X(1) K
M
n−1(x)/p
r

KQn (B,Z/p
r)
i
Q
n //

KQn (F,Z/p
r)

//
⊕
x∈X(1) K
Q
n−1(x,Z/p
r)
KMn (B)/p
r // KMn (F )/p
r //
⊕
x∈X(1) K
M
n−1(x)/p
r
The composition µ : KMn (B) → K
Q
n (B) → K
M
n (B) is multiplication by (n − 1)! by [29,
Sec. 4] and [23, Prop. 10(6)]. Let us first show the injectivity of in: Let α ∈ K
M
n (B)/p
r
and suppose that in(α) = 0. Then (n− 1)! ·α = 0 since i
Q
n is injective. For p > (n− 1) we
have that (p, (n− 1)!) = 1. This implies that α = 0. The exactness at KMn (F )/p
r can be
seen as follows: Let α ∈ ker[KMn (F )/p
r →
⊕
x∈X(1) K
M
n−1(x)/p
r]. Then (n− 1)!α ∈ im(in)
since the square on the upper right commutes (see [36, p. 449f.]) and the middle row is
exact at KQn (F,Z/p
r). Again since (p, (n− 1)!) = 1 it follows that α ∈ im(in).
Exactness at the other places follows for example from [8, Cor. 4.3]. 
Remark 3.3. See [29, Cor. 4.4] for a similar result.
We will repeatedly use the following purity statement which follows from the Gersten
conjecture:
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Lemma 3.4. Let D be an effective Cartier divisor on X. Let i : D → X be the inclusion
and U := X \ suppD. Let x ∈ X be a point which is not be contained in D and assume
the Gersten conjecture for the sheaf KMn,U . Then for t = codimX(x) there is a canonical
isomorphism
H tx(X,K
M
n,X|D)
∼= KMn−t(k(x))
(for the definition of KMn,X|D see Definition 4.1(2)).
4. Some topology on Milnor K-groups
In this section we define a topology on Milnor K-groups and state two lemmas which we
will need in the proof of our main theorem.
Recall that the naive Milnor K-sheaf KM,naiven is defined to be the sheafification of the
functor
R 7→ (R×)⊗n/ < a1 ⊗ ...⊗ an|ai + aj = 1 for some i 6= j >
from the category of commutative rings to abelian groups and that there is a natural
homomorphism of sheaves
KM,naiven → K
M
n
to the improved Milnor K-sheaf which is surjective (see [23]). In particular there is the
following commutative diagram for a commutative local ring R, an ideal I ⊂ R and K =
Frac(R):
KMn (R) //
&&◆◆
◆◆
◆◆
◆◆
◆◆
KMn (R/I)
KMn (K)
KM,naiven (R)
OOOO
88♣♣♣♣♣♣♣♣♣♣
// KM,naiven (R/I)
OOOO
This implies that that when defining a topology on KMn (K) as in the following Definition
4.1(4) we may work with both KM,naiven or K
M
n . We will use the improved Milnor K-sheaf
and at some points implicitly use its generation by symbols.
Definition 4.1. (1) For a commutative ring R and an ideal I ⊂ R we define KMn (R, I)
to be ker[KMn (R)→ K
M
n (R/I)] and similarly for K
M,naive
n (R, I).
(2) Let D be an effective Cartier divisor on X. We define KMn,X|D to be the kernel of
the restriction map KMn,X → i∗K
M
n,D for i : D → X the inclusion. Again similarly
for KM,naive
n,X|D .
(3) Let R be an excellent semi-local integral domain of dimension 1 with field of frac-
tions K. We endow R with the JR-adic topology, where JR is the Jacobsen radical
of R. We endow KMn (K) with the structure of a topological group by taking the
subgroups generated by {U1, ..., Un}, where Ui ranges over all open subgroups of
R×, as a fundamental system of neighbourhoods of 0 in KMn (K).
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(4) For a Parshin chain P = (p0, ..., ps−1, ps), and P
′ = (p0, ..., ps−1), on an excellent
scheme X and Y = {ps} we define a topology on K
M
n (k(P )) (resp. K
M
n (k
h(P ))) by
taking the images of KMn (OY,P ′, I) (resp. K
M
n (O
h
Y,P ′, I)) as a fundamental system
of neighbourhoods of 0, where I ranges over all open ideals, with respect to the
topology defined in (3), of the one dimensional local ring OY,P ′ (resp. semi-local
ring OhY,P ′).
Remark 4.2. If we set R := OY,P ′ (resp. O
h
Y,P ′), then the topologies on K
M
n (K), K =
Frac(R), defined in (3) and (4) coincide.
Example 4.3. Let m ≥ 0 be an integer. If R in (3) is a discrete valuation ring with
quotient field K, maximal ideal p ⊂ R and generic point η, then the subgroups generated
by KMn (K,m) := {1 + p
m, R×, ..., R×} of KMn (K) generate the topology on K
M
n (K) with
respect to the Parshin chain (p, η).
Lemma 4.4. (Cf. [18, Prop. 2]) Let R be an excellent semi-local integral domain of
dimension 1 with field of fractions K. Let R˜ be the integral closure of R in K. Then the
topology of KMn (K) defined by R˜ coincides with that defined by R.
Proof. Since R is excellent, the normalisation is finite and there is some f ∈ JR \ {0} such
that fR˜ ⊂ R. Therefore for every i ≥ 1
1 + f i+1A˜ ⊂ 1 + f iA.

Lemma 4.5. (cf. [21, Prop. 2.7], [24, Lem. 6.2]) Let X be an excellent integral scheme.
Let U be a regular open subscheme of X and D an effective Weil divisor with support
X − U . Let y ∈ U and x be of codimension 1 on {y}. Let dimOX,y = t and assume the
Gersten conjecture for the sheaf KMn,U . Then the map
∂yx : K
M
n−t(k(y))
∼= H ty(X,K
M
n,X|D)→ H
t+1
x (X,K
M
n,X|D)
annihilates the image of KMn−t(OY,x, Jx) for some non-zero ideal Jx ⊂ OY,x. In particular
the kernel of ∂yx is open with respect to the topology defined in Definition 4.1(4) and the
Parshin chain (x, y).
Proof. We proceed by induction on t. The case t = 0 is clear since in that case Y = X and
H1x(X,K
M
n,X|D)
∼= KMn (k(y))/K
M
n (OY,x, J) for x ∈ D
(0) and J corresponding to D.
If t ≥ 1, then we take some point z ∈ X t−1 such that y lies in the regular locus of {z}.
Consider the complex
(4.1) H t−1z (X,K
M
n,X|D)→
⊕
y′∈SpecO
(1)
Z,x
\D
H ty′(X,K
M
n,X|D)⊕
⊕
y′′∈SpecO
(1)
Z,x
∩D
H ty′′(X,K
M
n,X|D)
→ H t+1x (X,K
M
n,X|D)
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coming from the coniveau spectral sequence in Section 2. Applying the induction assump-
tion to H t−1z (X,K
M
n,X|D)→ H
t
y′′(X,K
M
n,X|D) for all y
′′ ∈ SpecO
(1)
Zx
∩D, we see that it suffices
to show that the map
KMn−t+1(k(z))
(∂,Id)
−−−→
⊕
y′∈SpecO
(1)
Z,x
\D
KMn−t(k(y
′))⊕
⊕
y′′∈SpecO
(1)
Z,x
∩D
KMn−t+1(K(z))/K
M
n−t+1(OZ,y′′ , Jy′′)
annihilates the image of KMn−t(OY,x, Jx) in K
M
n−t(k(y)) for some non-zero ideal Jx ⊂ OY,x
given some non-zero ideals Jy′′ ⊂ OZ,y′′ . Indeed, in that case if α ∈ Im(K
M
n−t(OY,x, Jx) →
KMn−t(k(y))), then there is some β ∈ K
M
n−t+1(k(z)) such that ∂zy(β) = α and such that
(
⊕
y′ 6=y∈SpecO
(1)
Zx
∂zy′′ , Id)(β) = 0. Since (4.1) is a complex, this implies that ∂yx(α) = 0.
Now let A := OZ,x. By Lemma 4.4 we may assume that the OZ,y′′ are normal (semi-
local) rings. By the definition of ∂ we may work with the normalisation A˜ of A. Let
{y′′1 , ..., y
′′
r} = SpecO
(1)
Z,x ∩D and let J
(y′′i ) be ideals in A˜ such that J (y
′′
i )OZ,y′′i = Jy′′i . Let q
be the prime ideal corresponding to y. Let π ∈ A such that vq(π) = 1. Let {p1+r, ..., pt}
be the finite set of prime ideals in A˜ such that vpi(π) > 0, 1 + r ≤ i ≤ t. By a standard
approximation lemma (see e.g. [26, Lem. 9.1.9(b)]) we can choose an element πi for all i
with r + 1 ≤ i ≤ t satisfying vpi(πi) = 1 and vq(πi) = 0. Now we can choose a non-zero
ideal
(4.2) J (x) ⊂ J (y
′′
1 )...J (y
′′
r )(πr+1)...(πt)(A˜/q)և J
(y′′1 )...J (y
′′
r )(πr+1)...(πt)A˜.
Let Jx := J
(x)OY,x. Now given a symbol α := {a¯1, ..., a¯n−t} ∈ K
M
n−t(OY,x, Jx) with a¯1 ∈
1 + Jx, lift α to β := {π, a1, ..., an−t} ∈ K
M
n−t+1(k(z)) lifting a¯1 via the surjection in (4.2)
to a1 and lifting the other a¯i arbitrarily. Then β satisfies the required properties since
(1) ∂zy(β) = α.
(2) If y˜′ /∈ div(π), then ∂zy˜′ = 0 since π, a1, ..., an−t ∈ O
×
A˜,y˜′
.
(3) If y˜′ ∈ div(π), i.e. y˜′ ∼ pi, then ∂zy˜′ = 0 since a1 = 1 mod (πi).
(4) a1 ∈ K
M
n−t+1(OZ,y′′ , Jy′′) for all y
′′ ∈ SpecO
(1)
Z,x ∩D.

Remark 4.6. In [21, Prop. 2.7] the above lemma was proved in the Nisnevich topology.
The proof in the Zariski topology follows the argument in loc. cit. We recall the proof for
the convenience of the reader and to convince them of this claim. In [24, Lem. 6.2] the
last step of the proof is given under the assumption that A is a two-dimensional excellent
henselian local ring.
Lemma 4.7. Given a family of inequivalent discrete valuations v1, ..., vs on a valued field
F , the diagonal map
KMn (F )→
⊕
vi
KMn (Fvi),
has dense image, were we write Fvi instead of F in order to indicate which valuation defines
the topology on F .
Proof. This follows from standard approximation theorems for F . See e.g. [30, II.3.4]. 
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5. Main theorem
In this section we prove Theorem 1.2.
We return to the situation of the introduction. Let A be an excellent henselian discrete
valuation ring with uniformising parameter π and residue field k and let X be a smooth
projective scheme over Spec(A) of relative dimension d. Let Xn := X ×A A/(π
n), i.e. X1
is the special fiber and the Xn are the respective thickenings of X1.
Proposition 5.1. For all j ≥ 0 the group
Hd+1Zar (X,K
M
j+d,X|Xn) = 0.
Proof. By the coniveau spectral sequence and cohomological vanishing we have to show
that the map ⊕
y∈X(d)
Hdy (X,K
M
d+j,X|Xn)→
⊕
x∈X(d+1)
Hd+1x (X,K
M
d+j,X|Xn)
is surjective. In order to show this, we show that the map
⊕
y∈(SpecOX,x[
1
pi
])d
Hdy (X,K
M
d+j,X|Xn)→ H
d+1
x (X,K
M
d+j,X|Xn)
is surjective for any x ∈ X(d+1). This suffices since (SpecOX,x[
1
π
])d ⊂ X(d) and since, as A
is henselian, any y ∈ (SpecOX,x[
1
π
])d restricts to just one closed point x ∈ X(d+1). Let us
start with the case d = 0: Let X ′x := Xx − x. Then
H1x(X,K
M
j,X|Xn)
∼= H0(X ′x,K
M
j,X|Xn)/H
0(Xx,K
M
j,X|Xn),
and H0µ(X,K
M
j,X|Xn
), µ being the generic point of X, surjects onto H1x(X,K
M
j,X|Xn
) since
H0µ(X,K
M
j,X|Xn
) is isomorphic to H0(X ′x,K
M
j,X|Xn
).
Let d ≥ 1 and x ∈ X(d+1). We have that
Hd+1x (X,K
M
d+j,X|Xn)
∼= Hd(X ′x,K
M
d+j,X|Xn)
and again it follows from the coniveau spectral sequence and cohomological vanishing that
Hd(X ′x,K
M
d+j,X|Xn
) is isomorphic to
coker(
⊕
z∈(Xx)d−1
Hd−1z (Xx,K
M
d+j,X|Xn)→
⊕
y∈(Xx)d
Hdy (Xx,K
M
d+j,X|Xn)).
By Lemma 3.4 we have that
Hdy (Xx,K
M
d+j,X|Xn)
∼= KMj,X(k(x, y))
for y ∈ (Xx[
1
π
])d. It therefore suffices to move elements of Hdy (Xx,K
M
d+j,X|Xn
) for y ∈
Xd−rx \ (Xx[
1
π
])d to the horizontal components, i.e. with y ∈ (Xx[
1
π
])d, using the ’Q-chains’
Hd−1z (Xx,K
M
d+j,X|Xn
).
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We write Pr for a Parshin chain (x, ...) of dimension r and let xPr denote the closed point
of XPr and X
′
Pr
the open subscheme XPr \ {xPr}. We proceed by descending in induction
in r ≥ 0, starting with r = d, to show that the map
⊕
y∈(XPr [
1
pi
])d−r
Hd−ry (XPr ,K
M
d+j,X|Xn)→ H
d−r+1
xPr
(XPr ,K
M
d+j,X|Xn)
is surjective for all Parshin chains Pr supported on X1.
The group Hd−r+1xPr (XPr ,K
M
d+j,X|Xn
) is isomorphic to
coker(
⊕
z∈(XPr )
d−1−r
Hd−1−rz (XPr ,K
M
d+j,X|Xn)→
⊕
y∈(XPr )
d−r
Hd−ry (XPr ,K
M
d+j,X|Xn))
∼= Hd−r(X ′Pr ,K
M
d+j,X|Xn)
for r < d and to
H0(X ′Pd,K
M
d+j,X|Xn)/H
0(XPd,K
M
d+j,X|Xn)
for r = d. If r = d, then H0y (XPd,K
M
d+j,X|Xn
) is isomorphic to H0(X ′Pd,K
M
d+j,X|Xn
) which
implies the induction beginning.
We now do the induction step. Let α ∈ Hd−ry (XPr ,K
M
d+j,X|Xn
) for y ∈ Xd−rPr \(XPr [
1
π
])d−r.
Then the map
⊕
z∈(X(Pr,y))
d−r−1
Hd−r−1z (X(Pr ,y),K
M
d+j,X|Xn)→ H
d−r
y (XPr ,K
M
d+j,X|Xn)
is surjective. This follows again from the coniveau spectral sequence and the isomorphism
Hd−ry (XPr ,K
M
d+j,X|Xn
) ∼= Hd−r−1(X ′(Pr ,y),K
M
d+j,X|Xn
). By assumption we have that
coker(
⊕
t∈(X(Pr,y))
d−r−2
Hd−r−2t (X(Pr,y),K
M
d+j,X|Xn)→
⊕
z∈(X(Pr,y))
d−r−1
Hd−r−1z (X(Pr ,y),K
M
d+j,X|Xn))
is generated by KMr+j+1(k(P )) for all Parshin chains P = (Pr, y, z) of dimension r + 2 on
(X,X1). We may assume that α is in the image of K
M
r+j+1(k(P )) for some such P . Then
by Lemma 4.5 the kernel of the map
∂zy − α : K
M
r+j+1(k(P ))→ H
d−r
y (XPr ,K
M
d+j,X|Xn)
is open in KMr+j+1(k(P )) and the kernel of the map
∂zy′ : K
M
r+j+1(k(P ))→ H
d−r
y′ (XPr ,K
M
d+j,X|Xn)
is open in KMr+j+1(k(Pr, y
′, z)) for all y′ 6= y ∈ Xd−rPr ∩ X1 with {xPr} ⊂ {y
′} ⊂ {z}. By
Lemma 4.7 and Lemma 4.4 the diagonal image of
KMr+j+1(k(Q))
∼= Hd−r−1z (XPr ,K
M
d+j,X|Xn)
for a Q-chain Q = (Pr, z) is dense in the direct sum (with finitely many summands)
KMr+j+1(k(P )) ⊕y′ 6=y∈Xd−r
Pr
∩{z}1
KMr+j+1(k(Pr, y
′, z)) which implies that α is in the image of
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some β ∈ Hd−r−1z (Xx,K
M
d+j,X|Xn
) with β mapping to zero in Hd−ry′ (Xx,K
M
d+j,X|Xn
) for all
y′ 6= y ∈ ((Xx)1)
d. 
Remark 5.2. The proof of Proposition 5.1 is inspired by the proof of Theorem 2.5 in [21]
and the proof of Theorem 8.2 in [24]. In both of these articles the authors work in the
Nisnevich topology. We note that the proof of Proposition 5.1 also works in the Nisnevich
topology if for every Parshin chain P = (p0, ..., ps) we replace OX,P = OX,ps by O
h
X,P
according to Definition 2.2. We therefore get that
Hd+1Nis (X,K
M
j+d,X|Xn) = 0
for all j ≥ 0.
Remark 5.3. If ch(k) = 0 and A = k[[t]] or if A is the Witt ring W (k) of a perfect field
k of ch(k) > 2, then there are exact sequences of sheaves
0→ Ωr−1X1 → K
M
r,Xn
→ KMr,Xn−1 → 0
and
0→ Ωr−1X1 /Bn−2Ω
r−1
X1
→ KMr,Xn → K
M
r,Xn−1
→ 0
respectively, by [3, Sec. 2] and [4, Sec. 12]. Under the above assumptions this implies that
the canonical map
HdZar(X1,K
M
d+j,Xn)→ H
d
Nis(X1,K
M
d+j,Xn)
is an isomorphism for all n ∈ N>0. Indeed, the mapsH
d
Zar(X1,K
M
d+j,X1
)→ HdNis(X1,K
M
d+j,X1
)
and Hd−1Zar (X1,K
M
d+j,X1
) → Hd−1Nis (X1,K
M
d+j,X1
) are isomorphisms by [28, Ex. 13.11] and the
sheaves Ωr−1X1 and Ω
r−1
X1
/Bn−2Ω
r−1
X1
are coherent.
Corollary 5.4. The restriction map res : Hd(X,KMd+j,X) −→ H
d(X1,K
M
d+j,Xn
) is surjective.
In particular the map of pro-systems
res : Hd(X,KMd+j,X)→ ”limn”H
d(X1,K
M
d+j,Xn)
is an epimorphism in pro-Ab for all j ≥ 0. Furthermore, the map of pro-systems
res : Hd(X,KMd+j,X/p
r)→ ”limn”H
d(X1,K
M
d+j,Xn/p
r)
is an epimorphism in pro-Ab for all j ≥ 0. Here and in the following we always consider
Hd(X,KMd+j,X) as a constant pro-system in in pro-Ab.
Proof. Consider the short exact sequence
0→ KMd+j,X|Xn → K
M
d+j,X → K
M
d+j,Xn → 0
and the induced long exact sequence
...→ Hd(X,KMd+j,X|Xn)
i
−→ Hd(X,KMd+j,X)
res
−→ Hd(X1,K
M
d+j,Xn)→ H
d+1(X,KMd+j,X|Xn)→ ...
The corollary now follows from Proposition 5.1 and the fact that ”limn” is exact when
considered as a functor Hom(Iop,Ab)→ pro-Ab, where I is a small filtering category (see
[1, App. Prop. 4.1]).
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The last statement can be seen as follows: Since ⊗Z/prZ is right exact, there is a short
exact sequence
0→ KMd+j,X|Xn/p
r/I → KMd+j,X/p
r → KMd+j,Xn/p
r → 0
for some sheaf of abelian groups I and an exact sequence
Hd+1(X,KMd+j,X|Xn/p
r)→ Hd+1(X,KMd+j,X|Xn/p
r/I)→ Hd+2(X, I).
The group Hd+1(X,KMd+j,X|Xn/p
r) vanishes by the same arguments as in the integral case.
By [12, Thm. 3.6.5] the group Hd+2(X, I) vanishes for dimensional reasons. Together this
implies the vanishing of Hd+1(X,KMd+j,X|Xn/p
r/I). This implies the statement by the same
argument as in the previous paragraph. 
Corollary 5.5. If A is equi-characteristic, then the map
res : CHd+j(X, j)→ ”limn”H
d(X1,K
M
d+j,Xn)
is an epimorphism in pro-Ab for all j ≥ 0. If A is of mixed characteristic (0, p) with
p > d+ j − 1, then the map
res : CHd+j(X, j,Z/pr)→ ”limn”H
d(X1,K
M
d+j,Xn/p
r)
is an epimorphism in pro-Ab for all j ≥ 0.
Proof. For j = 0, Corollary 5.4 implies the first assertion since the Gersten conjecture for
the sheaf KMn,X holds for regular schemes of equal characteristic and the second assertion
since the Gersten conjecture holds for KMn,X/p
r if p > n− 1 by Proposition 3.2.
If j > 0, then the identifications ofCHd+j(X, j) withHd(X,KMd+j,X) in the equi-characteristic
case and CHd+j(X, j,Z/prZ) with Hd(X,KMd+j,X/p
r) in the mixed characteristic case re-
quire in addition to the above mentioned results on the Gersten conjecture the Gersten
conjecture for higher Chow groups (see [27, Sec. 2]). This holds if A is equi-characteristic
by [2, Sec. 10] and the method developed by Panin in [31] to extend the Gersten conjecture
to the equi-dimensional setting. In mixed characteristic the Gersten conjecture for higher
Chow groups with Z/prZ-coefficients holds by [8, Cor. 4.3]. 
Remark 5.6. Consider again the short exact sequence
0→ KMd,X|Xn → K
M
d,X → K
M
d,Xn
→ 0
and the induced long exact sequence
...→ Hd(X,KMd,X|Xn)
i
−→ Hd(X,KMd,X)
res
−→ Hd(X1,K
M
d,Xn
)
0
−→ Hd+1(X,KMd,X|Xn)→ ...
We denote the image of Hd(X,KMd,X|Xn) under i by F
X
n .
As mentioned in the introduction, Kerz, Esnault and Wittenberg conjecture in [25, Sec.
10] that if ch(Quot(A)) = 0 and k is perfect of characteristic p > 0 and if we assume that
the Gersten conjecture for KMX holds, then the map
res : CH1(X)⊗ Z/p
r → ”limn”H
d(Xn,K
M
Xn,d
/pr)
is an isomorphism in pro-Ab.
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We note that this conjecture would be implied by the following conjecture:
FXn =< g∗F
Y
n |g : Y → X projective, Y/A smooth projective relative curve > .
This can be seen as follows: By definition, F Yn ⊂ H
1(Y,KM1,Y ) is the image ofH
1(Y,KM1,Y |Yn) =
H1(Y,O×
Y |Yn
) under i. By the p-adic logarithm isomorphism, assuming that p is large
enough, H1(Y,O×
Y |Yn
) ∼= H1(Y, pnOY ) and therefore the composition
H1(Y,O×
Y |Yn+1
)→ H1(Y,O×
Y |Yn
)
is multiplication by p. This implies that ”limn”F
X
n ⊗ Z/p
r = 0.
6. Relation with the p-adic cycle class map
In this section we prove Proposition 1.4.
Let k be a finite field of ch(k) = p > 0, A = W (k) and X be a smooth projective
scheme over A of fiber dimension d. We let X1/k denote the reduced special fiber. Let
τ ∈ {Nis, ét} and X1,τ be the respective small site. Let ǫ : X1,ét → X1,Nis be the canonical
map of sites.
Definition 6.1. ([4, Def. A.3])
(a) By Sh(X1,τ ) we denote the category of sheaves of abelian groups on X1,τ . By
C(X1,τ ) we denote the category of unbounded complexes in Sh(X1,τ ).
(b) By Shpro(X1,τ ) we denote the category of pro-sytems in Sh(X1,τ ).
(c) By Cpro(X1,τ ) we denote the category of pro-systems in C(X1,τ ).
(d) By Dpro(X1,τ ) we denote the Verdier localization of the homotopy category of
Cpro(X1,τ ), where we kill objects which are represented by systems of complexes
which have level-wise vanishing cohomology sheaves.
Definition 6.2. We define
W·Ω
•
X1
∈ Cpro(X1)τ
to be the pro-system of de Rham-Witt complexes in the étale or Nisnevich topology (see
[15]). We define
W·Ω
r
X1,log
∈ Shpro(X1)τ
to be the pro-system of étale or Nisnevich subsheaves inWnΩ
r
X1
which are locally generated
by symbols
dlog{[a1]} · ... · dlog{[ar]}
with a1, ..., ar ∈ O
×
X1
local sections and where [−] is the Teichmüller lift (see [15, p. 505,
(1.1.7)]).
Definition 6.3. Assuming r < p, we define Sn(r)e´t to be the syntomic complex defined in
[19, Def. 1.6]. We denote the corresponding object in Dpro(X1)e´t by SX.(r)e´t.
Definition 6.4. ([4, Sec. 4]) We define SX.(r)Nis := τ≤rRǫ∗SX.(r)e´t, where τ≤r is the good
truncation.
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Let r < p. In [4, Sec. 7], Bloch, Esnault and Kerz define a motivic pro-complex
ZX.(r) := cone(SX.(r)⊕ ZX1(r)→ W.Ω
r
X1,log
[−r])[−1]
in the Nisnevich topology. ZX.(r) is an object in Dpro(X1,Nis) with the following properties:
Proposition 6.5. ([4, Prop. 7.2])
(0) ZX.(0) = Z, the constant sheaf in degree 0.
(1) ZX.(r) = Gm,X· [−1].
(2) ZX.(r) is supported in degrees ≤ r and in [1, r] if r ≥ 1 and if the Beilinson-Soulé
conjecture holds.
(3) ZX.(r)⊗
L
Z
Z/p. = SX.(r)Nis in Dpro(X1,Nis).
(4) Hr(ZX.(r)) = K
M
r,X.
in Shpro(X1,Nis).
(5) There is a canonical product structure ZX.(r)⊗
L
Z
ZX.(r
′)→ ZX.(r + r
′).
We now start the proof of Proposition 1.4 proving the following lemmas:
Lemma 6.6. Let j < p. Then the map
”limn”H
d
Nis(X1,K
M
j,Xn
/pr)→ Hd+jNis (X1,Sr(j))
is an isomorphism in the category of pro-abelian groups.
Proof. By properties (2)-(4) of Proposition 6.5 we have that KMX·,j/p
r ∼= Hj(Sr(j)). This
implies that
”limn”H
d
Nis(X1,K
M
j,Xn
/pr) ∼= HdNis(X1,H
j(Sr(j))).
The hypercohomology spectral sequence
Epq2 = H
p(X1,H
q(Sr(j)))⇒ H
p+q(X1,Sr(j))
together with the Nisnevich cohomological dimension of X1 and the concentration of Sr(j)
in degrees ≤ j implies that HdNis(X1,H
j(Sr(j))) ∼= H
d+j
Nis (X1,Sr(j)) and therefore that
”limn”H
d
Nis(X1,K
M
j,Xn
/pr) ∼= H
d+j
Nis (X1,Sr(j)). 
Lemma 6.7. The natural map
H2d−qNis (X1,WnΩ
d
X1,log
[−d])→ H2d−qe´t (X1,WnΩ
d
X1,log
[−d])
is an isomorphism for q = 0, 1.
Proof. Let KH0a(X1,Z/p
nZ) denote the so called Kato homology groups, i.e. the homology
in degree a of the complex C0pn defined in [17]. By [16, Lem. 6.2] there is a long exact
sequence
...→ KH0q+2(X1,Z/p
n
Z)→ CHd(X1, q;Z/p
n
Z)→ H2d−qét (X1,Z/p
n
Z(d))→
KH0q+1(X1,Z/p
n
Z)→ CHd(X1, q − 1;Z/p
n
Z)→ H2d−q+1ét (X1,Z/p
n
Z(d))→ ...
where Z/pnZ(d) = WnΩ
d
X1,log
[−d]. We first identify the group CHd(X1, q;Z/p
nZ) with
H2d−qNis (X1,WnΩ
d
X1,log
[−d]) for q = 0, 1. Consider the spectral sequence
CHEp,q1 (X1) = ⊕x∈X(p)1
CHd−p(Speck(x),−p− q,Z/prZ)⇒ CHd(X1,−p− q,Z/p
r
Z)
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from [2, Sec. 10] and note that
CHa(Speck(x), a,Z/prZ) ∼= KMa (k(x))/p
r ∼= WrΩ
a
k(x),log
for all a ≥ 0. The first isomorphism follows from [29, Thm. 4.9] and the fact that
CHa(Speck(x), a,Z/prZ) ∼= CHa(Speck(x), a) ⊗ Z/prZ. The second isomorphism fol-
lows from the Bloch-Gabber-Kato theorem (see [5]). This implies the identification since
CH0(k(x), 1) = 0 and since
⊕
x∈X0
ix∗WrΩ
d
k(x),log →
⊕
x∈X1
ix∗WrΩ
d−1
k(x),log → ...→
⊕
x∈Xd
ix∗WrΩ
0
k(x),log
is a (Gersten-)resolution for the sheaf WnΩ
d
X1,log
considered in the Zariski topology (see
[11]).
Now the Kato homology groups KH0i (X1,Z/p
nZ) vanishes for 1 ≤ i ≤ 3 by [16, Thm.
0.3] which implies the lemma. 
Lemma 6.8. Let j < p. Then
Hj+dNis (X1,Sr(j))→ H
j+d
e´t (X1,Sr(j))
is an isomorphism for all j ≥ d.
Proof. By [4, Thm 5.4] we have an exact triangle
p(j)Ω≤jX· [−1]→ SX·(j)Nis →WX·Ω
j
X1,log
[−j]
[1]
−→ ..
in Dpro(X1)Nis which comes from the exact triangle
p(j)Ω≤jX· [−1]→ SX·(j)ét → WX·Ω
j
X1,log
[−j]
[1]
−→ ..
in Dpro(X1)ét by applying the functor τ≤j ◦ Rǫ∗. This induces the following commutative
diagram with exact rows:
Hd+j−1Nis (X1,WX·Ω
j
X1,log
[−j]) //
α

Hd+jNis (X1, p(j)Ω
≤j
X·
[−1])
β

//

Hd+jNis (X1, SX·(j)Nis)

Hd+j−1ét (X1,WX·Ω
j
X1,log
[−j]) // Hd+jét (X1, p(j)Ω
≤j
X·
[−1]) // Hd+jét (X1, SX·(j)ét)
// Hd+jNis (X1,WX·Ω
j
X1,log
[−j]) //
γ

Hd+j+1Nis (X1, p(j)Ω
≤j
X·
[−1])
δ

// Hd+jét (X1,WX·Ω
j
X1,log
[−j]) // Hd+j+1ét (X1, p(j)Ω
≤j
X·
[−1])
Now α and γ are isomorphisms by Lemma 6.7 and the fact that WX·Ω
j
X1,log
[−j] = 0 for
j > d. The maps β and δ are isomorphisms since p(j)Ω≤jX· [−1] is a complex of coherent
sheaves. The result follows by the five-lemma. 
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Proposition 6.9. Let p > j and j ≥ d. Then the map
”limn”H
d
Nis(X1,K
M
j,Xn
/pr)→ Hd+je´t (X1,Sr(j))
is an isomorphism of pro-abelian groups.
Proof. This follows from Lemma 6.6 and Lemma 6.8. 
As a corollary we get the following result:
Corollary 6.10. Let j + 1 < p. Then the cycle class map
̺j,j−dpr : CH
j(X, j − d)/pr → Hd+je´t (X, Tr(j))
is surjective for all j ≥ d.
Proof. By Corollary 5.5 and Remark 5.3 the map
res : CHj(X, j − d)/pr −→ ”limn”H
d
Zar(X1,K
M
j,Xn
/pr) ∼= HdNis(X1,K
M
j,Xn
/pr)
is an epimorphism for j−1 < p. By Proposition 6.9 we have that ”limn”H
d
Nis(X1,K
M
j,Xn
/pr) ∼=
Hd+jét (X1,Sr(j)) for j < p. Furthermore, for j + 1 < p we have that H
d+j
ét (X1,Sr(j))
∼=
Hd+jét (X, Tr(j)) (see [35, Sec. 1.4]). The result now follows from the commutativity of
(1.2). 
As we noted earlier, Corollary 6.10 is known more generally if j = d for X a regular
scheme which is proper, flat, of finite type and which has semistable reduction over OK ,
where OK is the ring of integers in a p-adic local field K, by [33].
Finally we note the following injectivity result for curves:
Proposition 6.11. Let X be smooth projective of relative dimension 1 over a p-adic local
ring A. Then the cycle class map
̺1,0pr : CH1(X)/p
r → H2e´t(X, Tr(d))
is injective.
Proof. This follows immediately from the spectral sequence
Eu,v1 = ⊕x∈XuH
v+u
x (X, Tr(d))⇒ H
v+u(X, Tr(d))
since by absolute cohomological purity and the purity property of p-adic étale Tate twists
E1,12
∼= CH1(X)/p
r (see [34]). 
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